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Abstract 
 
The purpose of this research is to study numerically the turbulent gas-particle two-phase flow characteristics using 

the Eulerian-Eulerian method. A computer code is developed for the numerical study by using the k - ε - kp 
two-phase 

turbulent model. The developed code is applied for particle-laden flows in which the particle volume fraction is be-
tween 510−  and 210−  for the Stokes numbers smaller than unity. The gas and particle velocities and the particle 
volume fraction obtained by using this code are in good agreement with those obtained by a commercial code for the 
gas-particle jet flows within a rectangular enclosure. The gas-particle jet injected into a vertical rectangular 3D enclo-
sure is numerically modeled to study the effect of the Stokes number, the particle volume fraction and the particle Rey-
nolds numbers. The numerical results show that the Stokes number and the particle volume fraction are important pa-
rameters in turbulent gas-particle flows. A small Stokes number ( St ≤ 0.07) implies that the particles are nearly at the 
velocity equilibrium with the gas phase, while a large Stokes number ( St ≥ 0.07) implies that the slip velocity between 
the gas and particle phase increases and the particle velocity is less affected by the gas phase. A large particle volume 
fraction ( pα ≥ 0.0001) implies that the effect of the particles on the gas phase momentum increases, while a small 
particle volume fraction ( pα ≤ 0.0001) implies that the particles would have no or small effect on the gas flow field. 
For fixed Stokes number and particle volume fraction, an increase of the particle Reynolds number results in a decrease 
of the slip velocity between the gas and particle velocities.  
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-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 

 
1. Introduction 

Application of multi-phase flow appears in many 
industrial fields, such as the pulverized-coal furnace, 
oil burner nozzle, fluidized incinerator, bag filter and 
many kinds of dust collectors. Thus, many research-
ers have been involved in the field of multi-phase 
flow [1-4]. Gas-particle flow can be divided into two 
flow categories: dilute and dense flows. Crowe [5] 
concludes that dilute particle flow is controlled by the 
interaction of the surface force and volumetric force 
acting on the particle. On the other hand, the particle 
flow is controlled mainly by the collision between 

particles for dense flows.  
The particle trajectory model is used for the two-

phase flows with sparse and discontinuous particle 
phase and with large slip between the two phases [5]. 
On the other hand, the multi-fluid model can be used 
for the two phase flows with dense and continuum-
like particle phase and with relatively small to moder-
ate slip between gas and particle phases [6]. The par-
ticle trajectory model is frequently used for analyzing 
the gas-particle flow problems due to its easy imple-
mentation. In this model, the gas phase is considered 
as a continuum while the discontinuous particle phase 
is treated by the Lagrangian viewpoint. This method 
can be a good choice for a sparse particle flows, but it 
may not be a good choice for handling the two phase 
flows with dense particles where the number of parti-
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cles is very large. In the dense case, tracking the indi-
vidual trajectory of each particle is very time consum-
ing, and also the trajectories of the different particles 
may not show the proper particle velocity profile at 
some locations of interest [7]. To overcome this prob-
lem, the stochastic model is introduced to model the 
particle turbulence for the dense particle system [8].  

The multi-fluid model assumes both the gas and 
particle phases to be a continuum. This model obtains 
physical quantities for particle flow from similar fig-
ures as gas governing equations [9-12]. The particle 
continuity equation in the multi-fluid model includes 
a term about particle dispersion effect [13-15]. Even 
though numerical analysis is unstable on large veloc-
ity difference between gas and particle phases, the 
particle dispersion effect is an important parameter in 
granular flows with large velocity slips between the 
two phases. 

The effect of particle phase on the turbulent gas 
phase is important in modeling the multi-phase gas-
particle flows. According to the turbulent intensity, 
multi-phase flow has different particle dispersion, 
effective viscosity of gas phase and drag force be-
tween gas and particles. Small sized particles tend to 
decrease the turbulent intensity, while large sized 
particles result in increased turbulent intensity. 

The Stokes number ( /R FSt τ τ= ) is an important 
parameter in multi-phase flow. This parameter is de-
fined as the relation between the particle response 
time ( 2 /18R p pdτ ρ µ= ) and the flow time of gas phase 
( /F L uτ = ). Here, u  is the gas phase velocity and 
L  is the distance scale. Particle velocity equilibrates 
gas velocity for small Stokes number ( St 1), but 
particles flow independently from gas velocity field 
for large Stokes number ( St 1). If the flow time of 
gas phase and the turbulence time scale are the same, 
a small Stokes number means that particles move in 
the same fashion as turbulent gas [16]. 

This study investigates effects of some important 
parameters such as Stokes number, particle volume 
fraction, particle Reynolds numbers on the gas-
particle jet in a 3D rectangular enclosure by using the 
multi-fluid model called the k - ε - pk  model [17]. 
The range of the parameters studied in this paper is 
selected by considering the dilute flow found in pul-
verized coal furnaces with a typical particle volume 
fraction of 510− ~ 210−  for a Stokes number of less 
than unity. 

2. Computational method 

2.1 Governing equations 

The gas-particle two-phase flows with a Stokes 
number of less than unity can be expressed in the 
Eulerian-Eulerian form for both of the phases. Gov-
erning equations used in the multi-fluid model are 
expressed in the following general form. 
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t φ φ φρ∂ Φ + ∇ ⋅ = +
∂  
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Jφ  is the mass velocity of the physical quantity  
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Where iu  and piu  are gas and particle veloci-

ties. ρ  and pρ  are gas density and particle ap-
parent density. The turbulent gas viscosity tµ , the 
particle phase viscosity pµ  and the particle re-
sponse time for the mean motion rpτ  are defined 
as 
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where the particle Reynolds number is defined as 
Re /p p pu u d ν= −  for particle diameter pd , gas 
dynamic viscosity ν  and gas phase viscosity µ . 
The effective gas phase viscosity is e tµ µ µ= + . 

pm  and pm  are the unit particle mass and the 
particle mass change rate. pn  and pα  are the 
particle number density and the particle volume 
fraction. ig  is the ith component of the accelera-
tion of gravity. 
 

2.2 System outline and computational grids 

The two-phase flow system considered in this 
study is a rectangular enclosure with width [1m]× 
length [1m]× height [2m] as shown in Fig. 1. The 
homogeneous mixture of gas and particle flows into 
the system through a square port [0.2m×0.2m] at 
the center of bottom surface. The exit port of the 
enclosure extends over the top surface of the enclo-
sure and the gas pressure within the enclosure is the 

same as the standard atmosphere. The properties of 
the gas and the particle are given in Table 4. The 
particles considered in this study are assumed to 
have a completely spherical shape with the same 
diameter. 

Computational grids are constructed for the rec-
tangular system as shown in Fig. 2 where the grids 
are constructed densely near the side walls, inlet 
port and outlet port. Grids are constructed in rec-
tangular shapes with 38×38×42 in the x, y and z 
directions, which proved to be sufficient for obtain-
ing numerically stable results in a grid independ-
ence test. Convergence criterion for the iterative 
calculation of a dependent variable φ  is set as 
follows.  

 

Maximum relative error = max new old
a

new

φ φ α
φ

⎡ ⎤− <⎢ ⎥
⎣ ⎦
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Table 1. Governing equations for gas-phase. 
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Table 2. Governing equations for particle-phase. 
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Table 3. k - ε - pk Turbulent model coefficients. 
 

Cµ  kσ  εσ  1Cε  2Cε  pσ  k
pc  

0.09 1.0 1.3 1.44 1.92 0.7 0.75 
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Here, the maximum allowable relative error 
aα is set to some different values between 310−  

and 410−  for different variables for the iterative 
solution process. 
 
Table 4. The properties of the gas and particles.  
 

Gas density ρ  [kg/m3] 1.225 

Gas viscosity µ  [kg/m·s] 1.7894 510−×  

Particle density pρ  [kg/m3] 2,590 
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Fig. 1. Schematic diagram of the system. 
 
 

 
 
Fig. 2. Computational grid of the system. 

 
2.3 Benchmarking of the code developed 

The computer code developed in this study for 
the turbulent gas-particle two-phase flow is named 
as CCRHT3DNP. The code is benchmarked by 
comparing with the results obtained by using a 
widely used commercial code, FLUENT v. 6.2.16.  

The CCRHT3DNP code is developed by using 
the k - ε - pk  model for turbulent gas-particle two-
phase flows, while FLUENT has three different 
simple models for turbulent two-phase flow prob-
lems: mixture model, dispersed model and per 
phase model. For a benchmark test, the system and 
the computational grids explained in Fig. 1 are used 
for both codes. The particle volume fraction at the 
inlet port is set to be 0.0001pα =  and the gas-
particle mass ratio is ( /pρ ρ )=0.13. The gas and 
particle velocities at the inlet port are set equal to 1 
[m/s], and the particle volume fraction at the inlet 
port is set to be 78.304 10pn = × . The inlet port 
particle volume fraction considered here is selected 
by considering the mass ratio of coal and air in a 
typical pulverized-coal fired furnace where the 
mass ratio is within (12-15) percent coal and 1 per-
cent air. 

The results obtained by using CCRHT3DNP 
and FLUENT are compared to validate the 
CCRHT3DNP code developed in this study. Distri-
butions of the gas and particle velocities and the 
particle volume fraction along the x-axis are com-
pared at z=1.0 [m], y=0.5 [m]. Figs. 3 and 4 show 
that the gas and particle velocity distributions ob-
tained from the two codes programmed with differ-
ent mathematical models for the two-phase flow 
compared fairly well with each other. The model 
used in the CCRHT3DNP code is more elaborate 
than those used in the commercial code, FLUENT. 
This difference in mathematical models reveals that 
the velocity profiles obtained from the two codes 
show some differences in the shapes of velocity 
profiles, especially near the edge of the jet where 
the velocity profiles obtained from the 
CCRHT3DNP appear smoother distributions than 
those obtained from FLUENT. The results shown in 
Fig. 5 are the profiles of particle volume fraction 
obtained from the two different codes. From these 
comparisons, we conclude that the CCRHT3DNP 
code developed in this study can be used to study 
the characteristics of the turbulent two-phase flow 
jets. 
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Fig. 3. Comparison of the gas velocity profiles obtained from 
different models. 
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Fig. 4. Comparison of the particle velocity profiles obtained 
from different models. 
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Fig. 5. Comparison of the particle volume fraction profiles 
obtained from different models. 

3. Parametric studies of turbulent  
gas-particle jet 

The Stokes number ( /R FSt τ τ= ), which is an 
important parameter in two-phase flow, is defined 
as the ratio of particle response time 
( 2 /18R p pdτ ρ µ= ) to the flow time ( /F L uτ = ). A 
large Stokes number implies that the particle phase 
flow is delayed as compared to the gas phase flow, 
while small Stokes number implies that the two-
phases are in good coincidence showing small slip 
between the two-phases. The particle volume frac-
tion ( /p p pα ρ ρ= ) is defined as the ratio of the 
apparent particle density ( p p pn mρ = ) to the mate-
rial density of the particle ( pρ ). A large particle 
volume fraction implies that the particle number 
density is large and the collision effect between 
particles is more important. The gas Reynolds num-
ber ( Re /uD ν= ) is related to the gas flow time. A 
large gas phase Reynolds number implies that the 
gas velocity is large, and the flow time of gas 
phase is short. The particle Reynolds number 
( Re /p p pu u d ν= − ) is related to the velocity slip 
between the particle and the gas. Increase of the 
particle Reynolds number implies that the slip ve-
locity between the particle and the gas is increased.  

To study the effects of some important parame-
ters on the two-phase jet flow, the CCRHT3DNP 
code developed in this study is used. The parame-
ters considered for detailed study are the Stokes 
number, the particle volume fraction and the parti-
cle Reynolds number.  
 
3.1 Effect of the stokes number 

To study the effect of the Stokes number on the 
two-phase flow within the rectangular enclosure, 
the particle volume fraction at the inlet port is set 
equal to a constant value of 41.0 10−× . The gas 
and particle velocities are set equal to a constant 
value of 1.0 [m/s], and therefore the gas and the 
particle Reynolds numbers at the inlet port are 

4Re 6.85 10= ×  and Re 0.0p = . Four different val-
ues of the inlet port Stokes number between 
0.01 1.0St≤ ≤  as shown in Table 5 are considered 
for this study.  

Fig. 6 shows the gas and particle phase velocity 
distributions along the x-axis at y=0.5 [m] and 
z=1.5 [m] for different Stokes numbers. For small 
Stokes numbers ( St ≤ 0.07), the gas and particle 
phase velocities show nearly the same magnitude, 



 D.-H. Min et al. / Journal of Mechanical Science and Technology 22 (2008) 1436~1443 1441 
 

Table 5. Inlet port stokes numbers considered. 
 

St  pd  [ mµ ] pn  [particles/m3] 

0.01 50 91.5 10×  

0.07 132 78.3 10×  

0.10 200 72.4 10×  

1 500 61.5 10×  
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Fig. 6. Comparison of the gas and particle velocities at y=0.5 
[m] and z=1.5 [m] for different inlet port Stokes numbers. 

 
which implies that the velocity slip between the two 
phases is negligible. For 0.07St = , the velocity 
slip between the gas and the particle phases be-
comes recognizable near the edge of the jet flow. 
And for large Stokes numbers ( St ≥ 0.07), the par-
ticle velocities near the edge of the jet show larger 
values than the gas phase velocities, indicating 
large velocity slips between the two phases. Veloc-
ity slips between the two phases increase as the 
Stokes number increases. From this study, we may 
conclude that the velocity slip between the gas and 

the particle phases may be neglected for the Stokes 
number less than 0.07. 
 
3.2 Effect of the particle volume fraction 

To study the effect of the particle volume frac-
tion ( pα ) on the gas-particle two-phase flow within 
the rectangular enclosure, the particle diameter, the 
Stokes number, the gas and particle Reynolds num-
bers are set equal to constant values of 132 [ mµ ], 
0.07, 46.85 10× , and 0. Four different values of the 
inlet port particle volume fraction between 

5 21.0 10 1.0 10pα− −× ≤ ≤ ×  are considered for this 
study as summarized in Table 6. 

 
Table 6. Inlet port particle volume fractions considered. 
 

pα  pn  [particles/m3] 
21.0 10−×  98.30 10×  
31.0 10−×  88.30 10×  
41.0 10−×  78.30 10×  
51.0 10−×  68.30 10×  
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Fig. 7. Comparison of the gas and particle velocities at y=0.5 
[m] and z=1.5 [m] for different inlet port particle volume 
fractions. 



1442  D.-H. Min et al. / Journal of Mechanical Science and Technology 22 (2008) 1436~1443 
 

Table 7. Inlet port particle Reynolds numbers considered. 
 

Re p  pu  [m/s] 

20 2.79 

10 3.89 

5 4.45 

0 5.00 

 
Fig. 7 shows the gas and particle phase velocity 

distributions along the x-axis at y=0.5 [m] and 
z=1.5 [m] for different inlet port particle volume 
fractions. Large particle volume fraction means that 
the density of the gas-particle mixture is large. For 

41.0 10pα −≤ × , the two phase flow behaves such as 
a single gas phase flow and the particle phase 
shows a negligible effect on the overall jet flow. 
However, for 41.0 10pα −≥ × , the particle phase 
begins to affect the gas and particle velocity distri-
butions by increasing the velocities of both phases 
over the whole jet region.  

 
3.3 Effect of the particle Reynolds number 

The particle Reynolds number is defined by us-
ing the slip velocity, pu u− , between the gas and 
particle phases. To study the effect of the inlet port 
particle Reynolds number on the two-phase flow 
within the rectangular enclosure, the gas velocity, 
the Stokes number and the particle volume fraction 
at the inlet port are set equal to constant values of 5 
[m/s], 0.35 and 41.0 10−× . Four different values of 
the inlet port particle Reynolds number between 
0 Re 20p≤ ≤ as summarized in Table 7 are consid-
ered for numerical study.  

Fig. 8 shows the gas and particle phase velocity 
distributions along the x-axis at y=0.5 [m] and 
z=1.5 [m] for different inlet port particle Reynolds 
numbers. The gas and particle phases are easy to 
keep the velocity equilibrium in the gas phase 
dominant flow. The particle phase velocity is much 
larger than the gas phase velocity near the edge of 
jet since the particle phase is accelerated by the gas 
phase and the velocity slip between the two phases 
appears to be significant near the edge of jet. For 
fixed Stokes number and particle volume fraction, 
the increase in the particle Reynolds number results 
in slight decrease in the velocity slip between the 
two phases, which is mainly due to the increase of 
gas and particle interactions. 
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Fig. 8. Comparison of the gas and particle velocities for dif-
ferent inlet port particle Reynolds numbers at y=0.5 [m] and 
z=1.5 [m]. 
 

4. Conclusions 

This study is focused on developing a computer 
code that can be used to analyze the turbulent gas-
particle two-phase flows using the Eulerian-
Eulerian method called the k - ε - pk  two-phase 
turbulent model. The code is then applied for analy-
sis of a particle-laden air jet into a rectangular box 
with the particle volume fraction between 510−  
and 210− and with the Stokes number less than 
unity. The results obtained by using the code devel-
oped here show fairly good agreement with those 
obtained by a commercial code. 

The effects of the Stokes number, the inlet port 
particle volume fraction, the gas and particle Rey-
nolds number on the turbulent two-phase flow 
characteristics of the gas-particle jet are also stud-
ied by using the computer code developed in this 
study. The numerical results show that the Stokes 
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number is an important parameter in determining 
the magnitude of the velocity slip between the gas 
and particle phase, and it is found that for 

0.07St  the velocity slip becomes more impor-
tant. The study also shows that the inlet port parti-
cle volume fraction affects the momentum of both 
phases, and for large particle volume fraction 
( 0.0001pn ≥ ) the effect of the particle phase on the 
gas phase momentum becomes recognizable. For 
fixed Stokes number and particle volume fraction, 
increased particle Reynolds number results in a 
decrease in the velocity slip due to the increased 
interaction between the two phases. 
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